
Thrackles: An Improved Upper Bound

Radoslav Fulek and János Pach



Thrackle



Thrackle

thrackled fishing line



Thrackle



Thrackle



Thrackle



Thrackle



Thrackle



Thrackle



Thrackle

A thrackle is a drawing of a graph in the plane in which every
pair of edges intersect exactly once; either at a common end
vertex or in a proper crossing.



Thrackle

A thrackle is a drawing of a graph in the plane in which every
pair of edges intersect exactly once; either at a common end
vertex or in a proper crossing.

Lemma 1. Ck can be drawn as a thrackle except when k = 4.



Thrackle

A thrackle is a drawing of a graph in the plane in which every
pair of edges intersect exactly once; either at a common end
vertex or in a proper crossing.

Lemma 1. Ck can be drawn as a thrackle except when k = 4.



Thrackle

A thrackle is a drawing of a graph in the plane in which every
pair of edges intersect exactly once; either at a common end
vertex or in a proper crossing.

Lemma 1. Ck can be drawn as a thrackle except when k = 4.



Conway’s Thrackle Conjecture



Conway’s Thrackle Conjecture

Conjecure (Conway, 1960s). A thrackle cannot have more
edges than vertices.



Conway’s Thrackle Conjecture

Conjecure (Conway, 1960s). A thrackle cannot have more
edges than vertices.

Theorem 1 (F. and Pach, 2017). A thrackle on n vertices can
have at most 1.3984n edges.



Conway’s Thrackle Conjecture

Conjecure (Conway, 1960s). A thrackle cannot have more
edges than vertices.

Theorem 1 (F. and Pach, 2017). A thrackle on n vertices can
have at most 1.3984n edges.

Previously known best approximation of the conjecture gave
1.4n edges (Goddyn and Xu, 2014-17).



Conway’s Thrackle Conjecture

Conjecure (Conway, 1960s). A thrackle cannot have more
edges than vertices.

Theorem 1 (F. and Pach, 2017). A thrackle on n vertices can
have at most 1.3984n edges.

Previously known best approximation of the conjecture gave
1.4n edges (Goddyn and Xu, 2014-17).

Our technique is a refinement of the technique of Goddyn and
Xu.
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A thrackle is a drawing of a graph in the plane in which every
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A generalized thrackle is a drawing of a graph in the plane in
which every pair of edges intersect an odd number of times,
and each intersection is realized by a common end vertex or by
a proper crossing.

Theorem 2 (Lovász, Pach, Szegedy, 1996). A bipartite graph
admits a drawing as a generalized thrackle if and only if it is
planar.
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Generalized Thrackle

An embedding of a graph G in the projective plane is a parity
embedding if every odd cycle of G is one-sided and every even
cycle of G is two-sided.

Theorem 3 (LPS, 1996 and Cairns and Nikolayevsky, 2009)).
A graph G is a generalized thrackle if and only if G admits a
parity embedding in the projective plane. In particular, any
bipartite thrackle can be embedded in the plane.
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We combine Theorem 4 with the fact that C4 and a graph
obtained as a pair of 6-cycles sharing at least one vertex cannot
be drawn as a thrackle.

We consider the parity embedding of G and put the charge of
|f | on every face f .

Proof of the 1.3984n-bound

Theorem 4 (Pach, Lovász and Szegedy, 1996 and Cairns and
Nikolayevski, 2009). A graph G is a generalized thrackle if and
only if G admits a parity embedding in the projective plane. In
particular, any bipartite thrackle can be embedded in the plane.

It can be shown that the total charge 2|E(G)| is at least(
7 + 1

48

)
|F |, where F is the set of faces, and hence by Euler’s
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|V (G)|+ 2|E(G)|.
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A drawing of graph is a quasi-thrackle if every pair of adjacent
edges do not cross and every pair of non-adjacent edges cross
an odd number of times.

Theorem 5 (F. and Pach, 2017). Any quasi-thrackle on n
vertices has at most 3

2 (n− 1) edges, and this bound is tight for
infinitely many values of n. v
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Open Problems

A topological graph (in the plane) is simple if every pair of
edges intersect at most once; and every intersection is realized
by a proper crossing or a common end vertex.

Thrackle conjecture predicts that the a simple topological
graph on n vertices with no two disjoint edges can have at
most n edges.

Question. Is is true that a simple topological graph with no
three pairwise disjoint edges can have at most O(n) vertices?

Pach and G. Tóth showed that a simple topological graph with
no k pairwise disjoint edges can have at most O(npoly(log n)).


